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Abstract
Matter fields are supertranslated upon crossing a shock wave, which leads to entanglement
of the quantum vacuum between the two regions on either side of the shock wave. We
probe this entanglement for a scalar field in a planar shock wave background by computing
the Bogoliubov transformation between the inertial and uniformly accelerated observer.
The resulting Bogoliubov coefficients are shown to reproduce the standard Unruh effect
without dependence on the form factor of the shock wave. In contrast, excited states
lead to observables that depend upon the form factor. In the context of nonspherical
gravitational collapse, we comment that the angular dependence of the limiting advanced
time leads to similar supertranslation effects that do not affect the Hawking spectrum but
do affect scattering amplitudes.
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1
1 Introduction
While a quantum completion of Einstein gravity in four-dimensional asymptotically flat space-
times that would allow detailed computations is still far from reach, describing universal prop-
erties of Einstein gravity as a quantum low energy effective theory is possible with current tech-
niques. The laws of black hole thermodynamics are early milestones in this endeavor, which,
in particular, include Hawking’s radiation and paradox [1] and the Bekenstein-Hawking area
law [1–3]. Another universal result is the graviton dominance of high energy scattering at small
deflection angles [4–8] that is described classically by a collision of shock waves [9]. Recently,
a new universal property of gravity was uncovered in the infrared sector close to null infin-
ity [10–12]: a triangular relationship exists between the displacement memory effect [13–16],
the leading soft graviton theorem [17] and supertranslation asymptotic symmetries [18–20], see
the reviews [21,22].
Displacement memory is caused by hard (i.e. finite energy) processes reaching null infinity
that can be either a change of Bondi mass [13], null matter radiation [15, 16] or gravitational
waves [14]. Displacement memory effectively amounts to a shift of a canonical variable defined
at null infinity by a supertranslation asymptotic symmetry [12]. As a result, hard processes at
null infinity are accompanied by soft (i.e. infinitely low energy) processes that are mimicked
by a zero energy process: a supertranslation asymptotic symmetry. This mimicking can arise
because of the infrared limit taken at null infinity. In the bulk of spacetime, a supertranslation
can be induced by a shock wave [23]. For planar shock waves, probes encounter a permanent
displacement shift upon crossing. This has led to define the concept of soft radiation away
from the infrared limit as (exactly zero energy) large diffeomorphisms (or large gauge transfor-
mations) acting in the bulk of spacetime. In particular, it led to the definition of black holes
with soft hair implants [24–46].
Furthermore, it has been pointed out that soft hair may bear on the black hole information
paradox [12,25] and that quantum purity might be restored in principle by correlations between
the hard and soft radiation [47] (see also comments in [48–50]). While it has been shown that
the soft particles factor out of the S-matrix [51–53] (see also [54]), it was also pointed out
that outgoing hard and soft states are highly correlated [55]. A resolution of the information
paradox with soft hair would require a conjectured one-to-one correlation between hard and soft
states while not affecting the late time Hawking spectrum [47]. During the course of this work,
the paper [56] appeared where the authors showed that the spectrum of Hawking radiation
(without backreaction) emitted in the Schwarzschild background is unchanged after including
the dressing of asymptotic states with soft form factors.
Complementary to this analysis, we derive in this paper the effects of soft hair implants by
addressing the question: “How do supertranslations caused by hard processes affect Unruh and
Hawking radiation?”. This complements most of the literature on soft factors by focusing
on bulk matter-induced supertranslation effects instead of asymptotic soft effects (for closely
related work, see [33,38]).
This paper is organized as follows. In Sec. 2 we review the quantization of a massless complex
scalar field in the presence of a planar gravitational shock wave following [57] (see also [58–64]).
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We provide two distinct definitions of a complete set of globally well defined planar waves
and derive their orthogonality relations under the Klein-Gordon inner product. In Sec. 3 we
make the Rindler observers moving at uniform acceleration explicit and define their associated
Rindler modes. In Sec. 4, we obtain the Bogoliubov coefficients that map the global shock
wave vacua to the left and right Rindler vacua. We compute the resulting spectrum and show
that it agrees with the standard Unruh result. We also analyze the occupation numbers for
excited states. In Sec. 5, we review Hawking’s particle production and discuss the parallels
between the limiting advanced time shift and a supertranslation. In addition, we comment on
the dependence of scattering on the factor characterizing nonspherical collapse. Our conclusion
can be found in Sec. 6. We collected the proof of the orthogonality of planar waves in the shock
wave background in Appendix A.
2 Global plane waves in a shock wave background
Following Dray and ’t Hooft [23] we consider a D-dimensional planar shock wave in Minkowski
spacetime
ds2 = − du dv + f(~x)δ(u− u0) du2 +
D−1∑
i=2
(dxi)2, (1a)
= − du dvˆ −Θ(u− u0)∂if(~x) du dxi +
D−1∑
i=2
(dxi)2. (1b)
Here we used the light-cone coordinates u = t − z, v = t + z and the D − 2 transverse coor-
dinates ~x ≡ (x2, · · · , xD−1). The function f(~x) is the shock wave form factor. The alternative
coordinates u = tˆ− zˆ, vˆ = tˆ+ zˆ are obtained by the “planar supertranslation” shift
vˆ = v −Θ(u− u0)f(~x). (2)
The stress-tensor has only one nonzero component, Tuu = δ(u−u0)T (~x), localized on the shock
wave front u = u0 that moves towards the positive z direction. Einstein’s equations for this
spacetime reduce to ∆f(~x) = −16piGN T (~x) where ∆ is the (D − 2)-dimensional Laplacian.
The solution is D-dimensional Minkowski spacetime outside of u = u0. Causality requires that
the Shapiro delay [65] of a probe particle is non-negative and therefore requires f(~x) to be a
non-negative function [66].
Note that the metric (1) is exactly
gµν = ηµν + Θ(u− u0)LξT ηµν , (3)
where ξT = f(~x)∂vˆ, which is similar to a Schwarzschild black hole with a linearized shock wave,
see (5.14) of [29]. Here, the metric gµν is a complete non-linear solution to Einstein’s equations.
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2.1 Global plane wave solutions
The quantization of a massless Klein-Gordon field Φ with D-momentum kµ and components
kt, kz, ~k in this background is reviewed in great detail in [57]. After decomposing the scalar
field in Fourier modes along v, Φ = e−ik−vψ(u, ~x), where k± = 12(kt ± kz) the Klein-Gordon
equation reduces to a Schro¨dinger equation
i∂uψ =
(
− ∆
4k−
− f(~x)k−δ(u− u0)
)
ψ. (4)
In the region u > u0 or u < u0 a complete set of modes is given by standard plane waves.
The presence of the shock wave introduces a nontrivial junction condition between these plane
waves. In fact, the shock wave implies that the modes at u → u−0 are related to the modes at
u→ u+0 by a “planar supertranslation” of the form
v → v − f(~x). (5)
Let us choose a momentum eigenstate f I
k−,~k
in the region u < u0,
f I
k−,~k
|u<u0 = e−ik−vψu<u0 , ψu<u0(u, ~x; k−, ~k) = Nke−ik+(u−u0)+i~k·~x, (6)
where k+ =
~k2
4k−
. We call f I
k−,~k
an “initial eigenstate” because for u→ −∞ it is a planar wave
with a unique momentum. As detailed in [57], the field is then given at u = u+0 by
f I
k−,~k
|u=u+0 = Nke
−ik−vei(
~k·~x+k−f(~x)). (7)
The field is then propagated for u > u0 using the free wave equation. It is straightforward to
show that the global initial-eigenstate solution can be written in the form
f I
k−,~k
(u, v, ~x) = Nke
−ik−v+i~k·~x
∫
dx′
(2pi)D−2
∫
dk′e
i(~k−~k′)(~x′−~x)−i ~k′2
4k− (u−u0)+ik−Θ(u−u0)f(~x
′)
, (8)
where dx is an abbreviation for the (D − 2)-dimensional volume differential dx2 . . . dxD−1 and
similarly for dk.
For u < u0, one performs
∫
dx′ first, which gives (2pi)D−2δ(~k − ~k′) and we recover (6). For
u > u0, one could perform
∫
dk′ by quadratures. We can also write the solution as
f I
k−,~k
(u, v, ~x) = Nke
−ik−v
∫
dk′e
i~k′·~x−i ~k′2
4k− (u−u0)Ak−,~k(
~k′,Θ(u− u0)), (9a)
Ak−,~k(
~k′,Θ(u− u0)) =
∫
dx′
(2pi)D−2
ei(
~k−~k′)~x′+ik−Θ(u−u0)f(~x′) =
{
δ(~k − ~k′) u < u0,
φk−(
~k − ~k′) u > u0,
(9b)
where the mixing factor φk−(
~k − ~k′) is defined as
φk−(
~k − ~k′) ≡
∫
dx′
(2pi)D−2
ei(
~k−~k′)~x′+ik−f(~x′). (10)
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1Figure 1: Schematic depiction of initial and final global plane wave eigenstates. The blank
(shaded) part depicts the region where each solution is a plane wave eigenstate (a superposition
of plane waves).
In the case of the Aichelburg-Sexl wave, the integral is elementary, see (10) of [4]. For future
use we note the useful relations∫
dk′φ∗k−(
~k′ − ~k)φk−(~k′ −~l) = δ(~k −~l), (11a)∫
dk′φk−(~k
′ + ~k)φk−(−~k′ −~l) = φ2k−(~k −~l). (11b)
Alternatively, one could have chosen a momentum eigenstate at late retarded times fF
k−,~k
(u, v, ~x)
that we will denote as a “final eigenstate”. Formally, this solution can be obtained from the
substitution
u→ −u, v → −v, k− → −k−, k+ → −k+, u0 → −u0, (12)
that leaves the metric (1) invariant. Explicitly, we have
fF
k−,~k
(u, v, ~x) = Nke
−ik−v
∫
dk′e
i~k′·~x−i ~k′2
4k− (u−u0)A−k−,~k(
~k′,Θ(u0 − u)). (13)
See Fig. 1 for a schematic depiction of initial and final global plane wave eigenstates. Both
f I
k−,~k
and fF
k−,~k
solve the Schro¨dinger equation (4) and thus provide two schemes to define the
shock wave vacuum. For definiteness, we will focus on the initial eigenstate basis f I
k−,~k
in the
following but we will also comment on the analogue results using the final eigenstate basis fF
k−,~k
.
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2.2 Complete orthonormal basis
The set of initial eigenstates f I
k−,~k
written in (8) forms a complete basis of solutions to the
Klein-Gordon equation4. Therefore, we can decompose the scalar field in terms of these modes
as
Φ(u, v, ~x) =
∑
k−>0,~k
(
ak−,~kf
I
k−,~k
(u, v, ~x) + a†
k−,~k
f ∗I
k−,~k
(u, v, ~x)
)
. (14)
After promoting the coefficients ak−,~k and a
†
k−,~k
to operators and interpreting them as annihi-
lation and creation operators, respectively, one can define the initial global shock wave vacuum
|0SW〉I as
ak−,~k|0SW〉I = 0, (15)
with k− > 0 and ~k arbitrary.
In addition to forming a complete set of solutions one can, in fact, also show that the modes
f I
k−,~k
form an orthonormal set under the Klein-Gordon inner product that is given by
(Φ1,Φ2)KG = i
∫
Σ
dz dx
√−gnµ (Φ∗1∂µΦ2 − Φ2∂µΦ∗1) , (16)
where Σ is a constant Cauchy surface and nµ its unit normal vector. If we choose for example
the Cauchy slices along nµ = ∂µt we get
(Φ1,Φ2)KG = i
∫
Σ
dz dx
(
Φ∗1
(
∂uΦ2 + (1 + 2f(x
i)δ(u− u0))∂vΦ2
)− (other term)). (17)
It is straightforward but lengthy to show that using this inner product the initial eigenstate
modes satisfy
(f ∗I
k−,~k
, f I
l−,~l
)KG = 0, (18a)
(f I
k−,~k
, f I
l−,~l
)KG = δ(~l − ~k)δ(lz − kz), (18b)
(f ∗I
k−,~k
, f ∗I
l−,~l
)KG = −δ(~l − ~k)δ(lz − kz). (18c)
Indeed, a positive null frequency plane wave mode k− > 0 implies that the plane wave has
positive time frequency kt = k+ + k− > 0. Since null frequencies are untouched by the shock
wave, positive frequency modes and negative frequency modes are not mixed by the shock wave,
which implies (18a) [4,57]. The other two orthogonality conditions (18b)-(18c) require explicit
computations that are relegated to Appendix A. This is a new result.
The same arguments can be repeated for the final eigenstates fF
k−,~k
. That is, one can decompose
the scalar field in terms of these modes as
Φ(u, v, ~x) =
∑
k−>0,~k
(
a˜k−,~kf
F
k−,~k
(u, v, ~x) + a˜†
k−,~k
f ∗F
k−,~k
(u, v, ~x)
)
. (19)
4We ignore here the measure zero set of plane waves localized at u = u0.
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After quantization one can define the global final shock wave vacuum as
a˜k−,~k|0SW〉F = 0, (20)
with k− > 0 and ~k arbitrary. It is straightforward to also show that the final eigenstates fFk−,~k
are orthonormal with respect to the Klein-Gordon norm (16).
3 Rindler observer in a shock wave background
We now consider a probe observer with constant acceleration a in the right Rindler wedge and
with its particle horizon located at u = 0. There are two distinct cases. The shock wave can
be either crossing the accelerated observer (u0 < 0), or the shock wave is hidden beyond the
acceleration horizon (u0 > 0). If the shock wave is hidden beyond the acceleration horizon,
the global plane wave solutions f I
k−,~k
will agree with the standard plane wave solutions on the
entire right Rindler patch. Moreover, the solution for the scalar field in the right Rindler wedge
will coincide with the standard solution without a shock wave and therefore the Bogoliubov
coefficients of the accelerated observer with respect to the global solution will be the standard
Unruh coefficients. Since there is no trace of the shock wave to be seen in this scenario, the
result is trivial.
We will now focus on the other, more interesting case, where the shock wave is placed at
u0 < 0. We consider a constant impact parameter ~x(τ) = ~b along the worldline. Since we are
only interested in the signatures of the supertranslation shift upon crossing of the shockwave,
one can place the shock wave infinitesimally close to the particle horizon of the accelerated
observer, i.e. at u0 = 0
−. By doing so one avoids unnecessary technical complications due to
wave propagation between the shock wave and the particle horizon.
Having defined the setup, the next step is to properly define a basis of modes for both the left
and the right Rindler wedges. The solution of the scalar field in the left Rindler wedge can
be defined in the standard way that is known from the usual Unruh effect as the shock wave
is placed at a u0 < 0. Now, since the initial eigenstate shock wave solutions differ from the
standard plane wave solutions in the left Rindler patch, the Bogoliubov coefficients αL, βL of
the left Rindler observer with respect to the global solution will differ from the standard Unruh
coefficients. In particular, the function f(~x) characterizing the shock wave – or equivalently
the supertranslation along v – will now show up in the Bogoliubov coefficients. We will show
in detail how to obtain these modified coefficients in the following.
The most obvious way to define a consistent solution in the right Rindler wedge is to proceed
exactly as we did previously when constructing the global plane wave solutions in Sec. 2.1.
That is, to use the standard result for the solution of the scalar field in the right Rindler wedge
up until the location of the shock wave. At u = u0 the solution experiences a supertranslation
and after passing the shock wave the solution gets propagated using the free wave equation.
What makes this construction subtle is the fact that there are a priori two choices on how to
perform this procedure. One is to start with the standard Rindler modes in the region u < u0
and the other is to start with the standard Rindler modes in the region 0 > u > u0. While
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the first choice seems to be the most “natural” one at first glance it is not obvious how the
analytic continuation from the left to the right Rindler patch (that is necessary to compute the
Bogoliubov coefficients) works in this case. The second choice on the other hand implies the
standard analytic continuation between left and right Rindler modes and, as a consequence,
allows the computation of consistent and nontrivial Bogoliubov coefficients. This is shown
in Fig. 2. We now turn to explaining the details of this construction, following closely the
notations of the review [67].
u = 0
v˜u
u = u0
vL
ω,~k
vR
ω,~k
u
u = 0
v˜
u = u0
vL
ω,~k
vR
ω,~k
1Figure 2: Schematic depiction of the construction of the right Rindler modes. The left picture
depicts the case where one starts out with the standard Rindler modes in the region u < u0
and then propagates the solution using the free wave equation for 0 > u > u0. The right one
shows the construction starting with the standard Rindler modes in the region 0 > u > u0 and
then use the free wave equation to propagate the solution backwards for u < u0.
3.1 Left Rindler wedge
The Rindler observer in the left patch, i.e. the region z < −|t|, is defined via the following
coordinates
t = a−1eaξ¯ sinh aτ¯ , z = −a−1eaξ¯ cosh aτ¯ , (21)
or
u = a−1ea(τ¯+ξ¯), v = −a−1e−a(τ¯−ξ¯). (22)
The shock wave is outside the left Rindler patch, so the metric is the standard Rindler one
ds2 = −e2aξ¯ (dτ¯ 2 − dξ¯2)+ D−1∑
i=2
(dxi)2. (23)
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The Klein-Gordon equation in these coordinates takes the form
∂2τ¯Φ
L =
[
∂2ξ¯ + e
2aξ¯∆
]
ΦL. (24)
Expanding the field in the left wedge in terms of Fourier modes as
ΦL =
∫ ∞
0
dω
∫
dk
(
aL
ω,~k
vL
ω,~k
+ aL†
ω,~k
v∗L
ω,~k
)
, (25)
one finds that vL
ω,~k
= 0 in the right wedge and in the left wedge is given by [67]
vL
ω,~k
= N˜ωK iω
a
(
|~k|
a
eaξ¯
)
e−iωτ¯+i
~k·~x, N˜ω ≡
(
4 sinh piω
a
(2pi)Da
)1/2
, (26)
with Ka(x) being the modified Bessel function. Since these are the usual Unruh modes without
the presence of a shock wave the coefficients aL
ω,~k
and aL†
ω,~k
upon quantization also have to satisfy
the canonical commutation relations
[aL
ω,~k
, aL†
ω′,~k′
] = δ(ω − ω′)δ(~k − ~k′). (27)
3.2 Right Rindler wedge
Let us now proceed to the more interesting right Rindler wedge z > |t|. In the absence of a
shock wave, one usually defines the accelerating observer in the right wedge via
t = a−1eaξ sinh aτ, z = a−1eaξ cosh aτ, (28)
or equivalently
u = −a−1e−a(τ−ξ), v = a−1ea(τ+ξ). (29)
Now, in the presence of the shock wave, one needs to use the shifted coordinates u˜ = u,
v˜ = v − f(~b)Θ(u− u0) in the right Rindler wedge so that the trajectory of the accelerated ob-
server is continuous. Even though the trajectory of the accelerated observer in these coordinates
is the standard Rindler one
(u(τ), v˜(τ)) =
(
−e
−aτ
a
,
eaτ
a
)
, (30)
the metric differs from the standard Rindler metric outside the worldline and is given by
ds2 = − du dv˜ +
(
f(~x)− f(~b)
)
δ(u− u0) du2 +
D−1∑
i=2
(dxi)2. (31)
It is straightforward to check that the observer has constant acceleration a > 0 along the world-
line described by (30). This is the same coordinate system in which null geodesics at constant
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impact parameter ~x = ~b are continuous. In right Rindler-type coordinates u = −a−1e−a(τ−ξ),
v˜ = a−1ea(τ+ξ), one has
ds2 = e2aξ
(− dτ 2 + dξ2)+ D−1∑
i=2
(dxi)2 +
(
f(~x)− f(~b)
)
δ(u− u0)e−2a(τ−ξ) (dτ − dξ)2 . (32)
Now, the metric is τ dependent, so the right Rindler modes will have a more complicated form
than in the left wedge.
In order to ensure continuity between the left and right Rindler modes at the bifurcation point
of the particle horizon we construct the right Rindler modes as follows. In between the region
of the future particle horizon at u = 0 and the shock wave at u = u0, the positive frequency
modes vR
ω,~k
(τ, ζ, ~x) can be straightforwardly obtained by the expressions for the modes in the
left wedge simply by replacing τ¯ → τ and ξ¯ → ξ
vR
ω,~k
(τ, ζ, ~x)
∣∣
0>u>u0
= N˜ωK iω
a
(
|~k|
a
eaξ
)
e−iωτ+i
~k·~x, N˜ω ≡
(
4 sinh piω
a
(2pi)Da
)1/2
. (33)
The presence of the shock wave implies that – in complete analogy to the global Minkowski
modes that were introduced previously in Section 2.1 – the modes at u→ u0 + 0+ are related
to the modes at u→ u0 + 0− by a “planar supertranslation” of the form
v˜ → v˜ − f(~x) or v → v − (f(~x)− f(~b)). (34)
Thus, the right Rindler modes right after passing the shock wave at u0 + 0
− are given by
vR
ω,~k
(τ, ζ, ~x)
∣∣
u=u0+0−
= N˜ωK iω
a
(
|~k|
a
eaξ>
)
e−iωτ>+i
~k·~x, N˜ω ≡
(
4 sinh piω
a
(2pi)Da
)1/2
, (35)
where
ξ> = ξ +
1
2a
log
[
1− v−1
(
f(~x)− f(~b)
)]
, (36a)
τ> = τ +
1
2a
log
[
1− v−1
(
f(~x)− f(~b)
)]
. (36b)
The modes in the region u < u0 are then propagated using the free wave equation in right
Rindler coordinates. This procedure leads to the analogue of Section 2.1 in right Rindler
coordinates. However, as we show in the next section we will only need explicitly the expression
for vR
ω,~k
in the region 0 > u > u0 in order to compute the Bogoliubov coefficients.
Using these modes the scalar field in the right Rindler wedge can then be Fourier expanded as
ΦR =
∫ ∞
0
dω
∫
dk
(
aR
ω,~k
vR
ω,~k
+ aR†
ω,~k
v∗R
ω,~k
)
. (37)
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3.3 Rindler shock wave state
Using the left and right modes we constructed previously one can express a general solution as
Φ =
∫ ∞
0
dω
∫
dk
(
aR
ω,~k
vR
ω,~k
+ aR†
ω,~k
v∗R
ω,~k
+ aL
ω,~k
vL
ω,~k
+ aL†
ω,~k
v∗L
ω,~k
)
. (38)
Since vR
ω,~k
and vL
ω,~k
are positive frequency modes the vacuum state for the Rindler observers in
the presence of the shock wave is defined by
aR
ω,~k
|0Rin〉 = aLω,~k|0Rin〉 = 0. (39)
In order to determine a possible influence of the function f(~x) on the spectrum of the Unruh
temperature that the accelerated observer measures one has to compute the Bogoliubov coef-
ficients that relate the left and right Rindler modes aL
ω,~k
and aR
ω,~k
with the global plane wave
modes f I
k−,~k
. This will be done in the following section.
4 Bogoliubov transform between Rindler and global vacua
In this section we compute the Bogoliubov coefficients that provide the map between the global
plane wave modes and the Rindler modes. We first outline the computation starting with the
global vacuum defined from the initial eigenstate plane wave modes f I
k−,~k
. As a cross-check
we then repeat the calculation starting with the global vacuum defined with respect to the
final eigenstate modes fF
k−,~k
. We find that either choice leads to a consistent set of Bogoliubov
coefficients and also to the same Unruh spectrum.
In order to keep the computations in the following as simple as possible we set, without loss
of generality, f(~b) = 0. The reader can restore f(~b) by shifting f(~x) appropriately in the
upcoming expressions. This means that there will also be no distinctions between v˜ and v. We
will also set the total spacetime dimension to be D = 4, which is the physically relevant case.
The appropriate prefactors for dimensions higher than four can be restored in a straightforward
manner.
4.1 Initial eigenstate global vacuum
Since, the left and right Rindler modes aL
ω,~k
and aR
ω,~k
as well as the global plane wave modes
f I
k−,~k
form a complete set of modes one can express either set in terms of the other.
In particular,
vR
ω,~k
(τ, ξ, ~x) =
∫ ∞
−∞
dlz
∫
dl
(
αR
ω,~k;l−,~l
f I
l−,~l
(u, v, ~x) + βR
ω,~k;l−,~l
f I∗
l−,~l
(u, v, ~x)
)
, (40a)
vL
ω,~k
(τ¯ , ξ¯, ~x) =
∫ ∞
−∞
dlz
∫
dl
(
αL
ω,~k;l−,~l
f I
l−,~l
(u, v, ~x) + βL
ω,~k;l−,~l
f I∗
l−,~l
(u, v, ~x)
)
. (40b)
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The most straightforward way to obtain the Bogoliubov coefficients α
L/R
ω,~k;l−,~l
and β
L/R
ω,~k;l−,~l
is to
use the Klein-Gordon norm (16). The Rindler modes v
L/R
ω,~k
(τ¯ , ξ¯, ~x) are quite complicated and,
as such, evaluating the Klein-Gordon norm involves quite a bit of algebra. However, near
the (future) particle horizon these modes simplify substantially and allow for a very efficient
computation. This simplification is also explained in detail in [67, 68].
We start first with obtaining the Bogoliubov coefficients for the right Rindler wedge. The
particle horizon H+ is located at u = 0 and t > 0 or ξ → −∞. In the limit u→ 0 and for t > 0
we have
vR
ω,~k
(τ, ξ, ~x) ∼
∫ ∞
−∞
dlz
∫
dl
(
αR
ω,~k;l−,~l
f I
l−,~l
(0, v, ~x) + βR
ω,~k;l−,~l
f I∗
l−,~l
(0, v, ~x)
)
. (41)
Now, using the small function argument of the Bessel function, see appendix A of [67], one
obtains at the horizon
vR
ω,~k
∼ i
4pi
√
a sinh piω
a
ei
~k·~x

(
|k|
2a
) iω
a
e−iω(τ−ξ)
Γ(1 + iω
a
)
−
(
|k|
2a
)− iω
a
e−iω(τ+ξ)
Γ(1− iω
a
)
 . (42)
The first term oscillates infinitely many times as one approaches H+ at u = 0 since u ∝
ea(ξ−τ) → 0 and is bounded. Hence, it should be regarded as zero [67] and we will ignore it in
the following. Performing the inverse Fourier transform using (41) and (42) one obtains
αR
ω,~k;l−,~l
=
e
piω
2a
−i ~k2
4l− u0√
4pialt sinh
piω
a
( |k|
2l−
)−iω/a
φ−l−(~k −~l), (43)
where the mixing factor φl−(
~k − ~l) has been defined previously in (10). The other coefficients
βR
ω,~k;l−,~l
can be obtained in the same manner and one obtains the closely related expression
βR
ω,~k;l−,~l
= − e
−piω
2a
+i
~k2
4l− u0√
4pialt sinh
piω
a
( |k|
2l−
)−iω/a
φl−(
~k +~l). (44)
The Bogoliubov coefficients for the left Rindler wedge can be computed using almost the same
reasoning as before. For the left Rindler modes we have to approach the particle horizon H−
with u = 0 and t < 0. In this limit the Rindler modes expressed in terms of the global plane
wave modes (40b) take the form
vL
ω,~k
(τ, ξ, ~x) ∼
∫ ∞
−∞
dlz
∫
dl
(
αL
ω,~k;l−,~l
f I
l−,~l
(0, v, ~x) + βL
ω,~k;l−,~l
f I∗
l−,~l
(0, v, ~x)
)
. (45)
The near horizon expansion of the solution of the left Rindler modes expressed in Rindler
coordinates (26) in this limit is given by
vL
ω,~k
∼ i
4pi
√
a sinh piω
a
ei
~k·~x

(
|k|
2a
) iω
a
e−iω(τ¯−ξ¯)
Γ(1 + iω
a
)
−
(
|k|
2a
)− iω
a
e−iω(τ¯+ξ¯)
Γ(1− iω
a
)
 . (46)
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In terms of the left Rindler coordinates ξ¯ and τ¯ the location of the horizon at u = 0 indicates
via u ∝ ea(ξ¯+τ¯) → 0 that the second term now oscillates infinitely many times, while being
bounded and thus has to be discarded. Using again the inverse Fourier transform of (45) the
Bogoliubov coefficients for the left Rindler wedge read
αL
ω,~k;l−,~l
=
e
piω
2a
−i ~k2
4l− u0√
4pialt sinh
piω
a
( |k|
2l−
)iω/a
φ−l−(~k −~l), (47a)
βL
ω,~k;l−,~l
= − e
−piω
2a
+i
~k2
4l− u0√
4pialt sinh
piω
a
( |k|
2l−
)iω/a
φl−(
~k +~l). (47b)
This computation shows that the shock wave has a nontrivial effect on the Bogoliubov coeffi-
cients relating the shock wave vacuum to the Rindler vacuum.
After quantization, the creation and annihilation operators aR
ω,~k
, aR
ω,~k
, aL
ω,~k
and aL
ω,~k
have to
satisfy the canonical commutation relations
[aR
ω,~k
, aR†
ω′,~k′
] = [aL
ω,~k
, aL†
ω′,~k′
] = δ(ω − ω′)δ(~k − ~k′). (48)
This, in turn also puts restrictions on the Bogoliubov coefficients∫
dlz dl
(
α
L/R∗
ω,~k;l−,~l
α
L/R
ω′,~k′;l−,~l
− βL/R∗
ω,~k;l−,~l
β
L/R
ω′,~k′;l−,~l
)
= δ(ω − ω′)δ(~k − ~k′), (49a)∫
dlz dl
(
α
L/R
ω,~k;l−,~l
β
L/R
ω′,~k′;l−,~l
− βL/R
ω,~k;l−,~l
α
L/R
ω′,~k′;l−,~l
)
= 0. (49b)
On the other hand, from
[al−,~l, a
†
l′−,~l′
] = δ(lz − l′z)δ(~l −~l′), [al−,~l, al′−,~l′ ] = [a
†
l−,~l
, a†
l′−,~l′
] = 0, (50)
one can infer that∑
A=L,R
∫
dω dk
(
αA
ω,~k;l−,~l
αA∗
ω,~k;l′−,~l′
− βA∗
ω,~k;l−,~l
βA
ω,~k;l′−,~l′
)
= δ(lz − l′z)δ(~l −~l′), (51a)
∑
A=L,R
∫
dω dk
(
αA
ω,~k;l−,~l
βA∗
ω,~k;l′−,~l′
− βA∗
ω,~k;l−,~l
αA
ω,~k;l′−,~l′
)
= 0, (51b)
has to hold as well. The relations (49) and (51) serve as consistency checks that ought to be
obeyed by sensible Bogoliubov coefficients. It is straightforward using (11) to check that the
coefficients (43), (44) and (47) do obey these consistency conditions.
4.2 Final eigenstate global vacuum
The preceding arguments can be also applied to compute the Bogoliubov coefficients between
the final eigenstate solutions fF
k−,~k
and the Rindler modes v
R/L
ω,~k
. Now the Rindler modes are
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expanded as
vR
ω,~k
(τ, ξ, ~x) =
∫ ∞
−∞
dlz
∫
dl
(
α˜R
ω,~k;l−,~l
fF
l−,~l
(u, v, ~x) + β˜R
ω,~k;l−,~l
fF∗
l−,~l
(u, v, ~x)
)
, (52a)
vL
ω,~k
(τ¯ , ξ¯, ~x) =
∫ ∞
−∞
dlz
∫
dl
(
α˜L
ω,~k;l−,~l
fF
l−,~l
(u, v, ~x) + β˜L
ω,~k;l−,~l
fF∗
l−,~l
(u, v, ~x)
)
. (52b)
At H−/+ this expansion reduces to
v
L/R
ω,~k
(τ, ξ, ~x) ∼
∫ ∞
−∞
dlz
∫
dl
(
α˜
L/R
ω,~k;l−,~l
fF
l−,~l
(0, v, ~x) + β˜
L/R
ω,~k;l−,~l
fF∗
l−,~l
(0, v, ~x)
)
. (53)
The near horizon expansions of v
L/R
ω,~k
are not affected by the choice of either initial or final
eigenstate solution as global vacuum and thus are still given by (42) and (46). As a result the
Bogoliubov coefficients are again straightforward to compute by a inverse Fourier transforma-
tion and lead to
α˜L
ω,~k;l−,~l
=
e
piω
2a
−i ~k2
4l− u0√
4pialt sinh
piω
a
( |k|
2l−
)iω/a
δ(~k −~l), (54a)
β˜L
ω,~k;l−,~l
= − e
−piω
2a
+i
~k2
4l− u0√
4pialt sinh
piω
a
( |k|
2l−
)iω/a
δ(~k +~l), (54b)
and
α˜R
ω,~k;l−,~l
=
e
piω
2a
−i ~k2
4l− u0√
4pialt sinh
piω
a
( |k|
2l−
)−iω/a
δ(~k −~l), (55a)
β˜R
ω,~k;l−,~l
= − e
−piω
2a
+i
~k2
4l− u0√
4pialt sinh
piω
a
( |k|
2l−
)−iω/a
δ(~k +~l). (55b)
These Bogoliubov coefficients are essentially the same as in the original setup considered by
Unruh in pure Minkowski space [69], up to a phase. As a consequence, the radiation spectrum
will be the standard one without any traces of the supertranslation induced by the shock wave.
In the following, we will show that this is, indeed, the case starting from both global plane
wave vacua.
4.3 Unruh effect and thermal density matrix
Having at our disposal a consistent set of Bogoliubov coefficients that relate the creation
and annihilation operators of the Rindler vacuum to the initial or final global vacuum, the
next step is to compute the expectation value of the left and right Rindler number operator
N
L/R
ω,~k
= a
L/R†
ω,~k
a
L/R
ω,~k
acting on either the initial or final shock wave vacuum state. This expecta-
tion value can be directly computed using the Bogoliubov coefficients β
L/R
ω,~k;l−,~l
, see e.g. [67]. For
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the shock wave vacuum corresponding to the initial eigenstate solution this expectation value
for the left and right Rindler modes is given by
I〈0SW |NL/Rω,~k |0SW 〉I =
∫
dlz
∫
dl
∣∣∣βL/R
ω,~k;l−,~l
∣∣∣2. (56)
where the Bogoliubov coefficients are given by (47), (43) and (44). Making use of (11), it is
easy to show that these coefficients satisfy∫
dl
∣∣∣αL/R
ω,~k;l−,~l
∣∣∣2 = ∫ dl e 2piωa ∣∣∣βL/R
ω,~k;l−,~l
∣∣∣2. (57)
Then one can write (49a) for ω = ω′ and ~k = ~k′ as∫
dlz dl
(
e
2piω
a − 1
) ∣∣∣βL/R
ω,~k;l−,~l
∣∣∣2 = δ(0)δ(~0). (58)
The singular delta functions can be regulated using wave packets as usual. From this it directly
follows that the expectation value of the left and right Rindler number operators are the same
as in the standard Unruh case, i.e.
I〈0SW |NL/Rω,~k |0SW 〉I =
∫
dlz
∫
dl
∣∣∣βL/R
ω,~k;l−,~l
∣∣∣2 = δ(0)δ(~0)
e
2piω
a − 1 . (59)
For the future eigenstate vacuum |0SW 〉F one obtains the exact same result. This shows that a
Rindler observer in a shock wave background measures precisely the same Unruh temperature
as in the original, pure Minkowski setup.
To show that shock wave vacuum restricted to left/right Rindler wedge is indeed a thermal
state, we should find the reduced density matrix in left/right Rindler wedge. We observe that
the standard relations
βL
ω,~k;l−~l
= −e−piω/aαR∗
ω,−~k;l−~l , β
R
ω,~k;l−~l
= −e−piω/aαL∗
ω,−~k;l−~l (60)
are still obeyed even in the presence of the supertranslation factor in the case of the initial
quantization. Following the derivation of Unruh [69] we deduce that the shock wave vacuum is
annihilated by the operators
(aL
ω,~k
− e−piω/aaR†
ω,−~k)|0SW 〉 = 0, (61)
(aR
ω,~k
− e−piω/aaL†
ω,−~k)|0SW 〉 = 0. (62)
This implies that the density of left Rindler modes at each ω, ~k is the same as the density of
right Rindler modes at each ω, −~k ,
(aR†
ω,~k
aR
ω,~k
− aL†
ω,−~ka
L
ω,−~k)|0SW 〉 = 0. (63)
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Following [67], the shock wave vacuum can be rewritten as
|0SW 〉 =
∏
ω,~k
Cωe
ζωa
R†
ω,~k
aL†
ω,−~k |0R〉, (64)
=
∏
ω,~k
(
Cω
∞∑
n(ω,~k)=0
(ζω)
n(ω,~k)|n(ω,−~k), L〉 ⊗ |n(ω,~k), R〉
)
(65)
where ζω = e
−piω/a, Cω =
√
1− ζ2ω and n(ω,~k) is the density of states defined from
|n(ω,−~k), L〉 ⊗ |n(ω,~k), R〉 = 1
n(ω,~k)!
(
aR†
ω,~k
aL†
ω,−~k
)n(ω,~k)
|0R〉. (66)
After taking a trace, the reduced density matrix in the left/right Rindler wedge is
ρL =
∏
ω,~k
(
C2ω
∞∑
n(ω,~k)=0
(ζω)
2n(ω,~k)|n(ω,−~k), L〉〈n(ω,−~k), L|
)
, (67)
ρR =
∏
ω,~k
(
C2ω
∞∑
n(ω,~k)=0
(ζω)
2n(ω,~k)|n(ω,~k), R〉〈n(ω,~k), R|
)
. (68)
This proves that the shock wave vacuum restricted to left/right wedge is a thermal state with
temperature T = a
2pi
.
4.4 Particle number in global one-particle states
Instead of considering the initial or final global vacuum, let us now consider a one-particle state
in either choice of quantization scheme. We denote these states as
|p−, ~p〉I ≡ a†p−,~p|0SW 〉I , |p−, ~p〉F ≡ a˜†p−,~p|0SW 〉F . (69)
Since the initial (resp. final) global vacuum is a defined from momentum eigenvalues at u < u0
(resp. u > u0), these two one-particle states for a given momentum (p−, ~p) are distinct.
What is the particle number as seen by a Rindler observer? We would like to obtain
I/F 〈p−, ~p|NL/Rω,~k |p−, ~p〉I/F . (70)
The annihilation operators in the left/right Rindler wedge can be related to either the initial
or final global shock wave creation and annihilation operators via
a
L/R
ω,~k
=
∫
dlz dl
(
α
L/R∗
ω,~k;l−,~l
al−,~l − β
L/R∗
ω,~k;l−,~l
a†
l−,~l
)
=
∫
dlz dl
(
α˜
L/R∗
ω,~k;l−,~l
a˜l−,~l − β˜
L/R∗
ω,~k;l−,~l
a˜†
l−,~l
)
. (71)
Using the canonical commutation relations
[ap−,~p, a
†
q−,~q] = [a˜p−,~p, a˜
†
q−,~q] = δ(pz − qz)δ(~p− ~q), (72)
16
one obtains after a straightforward calculation
I〈p−, ~p|NL/Rω,~k |p−, ~p〉I =
∣∣∣αL/R
ω,~k;p−,~p
∣∣∣2 + ∣∣∣βL/R
ω,~k;p−,~p
∣∣∣2 + 〈p−, ~p|p−, ~p〉∫ dlz ∫ dl ∣∣∣βL/Rω,~k;l−,~l ∣∣∣2, (73a)
F 〈p−, ~p|NL/Rω,~k |p−, ~p〉F =
∣∣∣α˜L/R
ω,~k;p−,~p
∣∣∣2 + ∣∣∣β˜L/R
ω,~k;p−,~p
∣∣∣2 + 〈p−, ~p|p−, ~p〉∫ dlz ∫ dl ∣∣∣β˜L/Rω,~k;l−,~l ∣∣∣2. (73b)
Inserting the expressions for the Bogoliubov coefficients (43), (44) and (55) derived previously
one finds
I〈p−, ~p|NL/Rω,~k |p−, ~p〉I =
1
2piapt

∣∣∣φ−p−(~k − ~p)∣∣∣2
1− e− 2piωa +
∣∣∣φp−(~k + ~p)∣∣∣2
e
2piω
a − 1
+ 〈p−, ~p|p−, ~p〉I δ(0)δ(~0)
e
2piω
a − 1 ,
(74a)
F 〈p−, ~p|NL/Rω,~k |p−, ~p〉F =
1
2piapt

∣∣∣δ(~k − ~p)∣∣∣2
1− e− 2piωa +
∣∣∣δ(~k + ~p)∣∣∣2
e
2piω
a − 1
+ 〈p−, ~p|p−, ~p〉F δ(0)δ(~0)
e
2piω
a − 1 . (74b)
The last term in both expressions encodes the vacuum expectation value found previously,
which is the same for both choices of quantization. It is independent of the incoming momen-
tum and therefore encodes the spontaneous Unruh emission. The first two terms, however,
differ. The one-particle states defined in the initial eigenstate quantization scheme have an
occupation number that depends upon the shock wave form factor. We conclude that while the
vacuum expectation value for the number operator in the right Rindler wedge coincides in both
quantization schemes the occupation number differs for excited states. This difference leads to
distinct properties of stimulated emission and scattering.
We can generalize our previous considerations to one-particle superposed states. We denote
such states as
|γ〉I ≡
∫
dpz
∫
dp γp−,~p |p−, ~p〉I (75)
where we select the initial eigenstate quantization. The norm of the state is normalized to 1 so∫
dpz
∫
dp |γp−,~p|2 = 1. (76)
One finds
I〈γ|NL/Rω,~k |γ〉I =
∣∣∣ ∫ dpz ∫ dp αL/Rω,~k;p−,~p γ∗p−,~p∣∣∣2 + ∣∣∣
∫
dpz
∫
dp β
L/R
ω,~k;p−,~p
γ∗p−,~p
∣∣∣2 + NL/R,vac
ω,~k
, (77)
where N
L/R,vac
ω,~k
is the expectation number (59). The result of the final eigenstate quantization
is obtained by replacing α, β with α˜, β˜. We note that the e
i
~k2
4p− u0 phase factor in the Bogoliubov
coefficients cannot be ignored for a general superposition state regardless of the quantization
scheme. In particular, that phase is ~k dependent and therefore cannot be absorbed into a field
redefinition of the creation operators ap−,~p. When one considers a superposed state consisting
of distinct momenta, they will therefore have an interference pattern depending on the value
of u0, which is therefore observable.
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5 Comments on Hawking radiation
We first review the original derivation of Hawking [1] (see also the review [70]). The resulting
Hawking black body spectrum parallels the Unruh effect. Matter-induced supertranslations
f(θ, φ) discussed earlier in the Unruh effect are mimicked in the Hawking effect by the su-
pertranslation of the advanced time v 7→ v − v0(θ, φ) induced by the non-sphericity of matter
collapse. In the following we comment on the relationship between this supertranslation and
displacement memory defined at null infinity as well as the spectrum resulting from the gener-
alization of the initial vacuum state to an excited state.
Hawking’s derivation goes as follows. We consider an asymptotically flat four-dimensional black
hole formed by collapse of matter. For simplicity, we only consider scalar matter. The ingoing
positive frequency modes at I− and, respectively, the outgoing positive frequency modes at I+
are denoted as
f inω′l′m′ ∼ Yl′m′(θ, φ)e−iω
′v, f outωlm ∼ Ylm(θ, φ)e−iωu, (78)
where v = t+r∗ is the advanced time at I−, u = t−r∗ is the retarded time at I+ and ω, ω′ > 0.
The scalar field is quantized as
φ =
∫ ∞
0
dω′
∑
l′m′
(
ainl′m′f
in
ω′l′m′ + a
in†
ω′l′m′f
in*
ω′l′m′
)
. (79)
The in-vacuum |0〉in at I− is defined as ainω′l′m′ |0〉in = 0. We assume that the matter is in the
vacuum state |0〉in at I−. The Hawking effect arises from nontrivial Bogoliubov coefficients
between the ingoing and outgoing modes
f outωlm =
∫ ∞
0
dω′
∑
l′m′
(
αωlm,ω′l′m′f
in
ω′l′m′ + βωlm,ω′l′m′f
in∗
ω′l′m′
)
. (80)
The result is only derived for late retarded times u. In the semi-classical description, the
late time effect is dominated by high-frequency modes at I− that propagated through the
collapsing body just before the event horizon formed. One can then use the geometrical optics
approximation. Hawking gives a general ray-tracing argument that leads to the relationship5
v0 − v = eκ(u0−u) + o(e−κu). (81)
Here, κ is the black hole surface gravity as measured by an asymptotic observer and u0 is a
constant. The limiting advanced time v0 is the latest time that a null geodesic could leave
I−, pass through the center of the body and escape to I+ without being trapped by the event
horizon. For a spherically symmetric collapse, v0 is a constant that is independent of the angle of
emission θ, φ. This leads to a one-to-one map between the ingoing l′,m′ and outgoing l,m mode
numbers. For a nonspherically symmetric collapse, the quantities v0 = v0(θ, φ) and u0 = u0(θ, φ)
are determined for each null geodesic from the details of the collapse. Nonspherically symmetric
5The notation o(r) means subleading with respect to r.
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collapse leads to the Bogoliubov coefficients
αωlm,ω′l′m′ = tωlm × αSω,ω′ × φωlm,ω′l′m′ , (82a)
βωlm,ω′l′m′ = tωlm × βSω,ω′ × φωlm,−ω′l′−m′(−1)m
′
, (82b)
where tωlm is the classical transmission coefficient for the black hole and α
S
ω,ω′ , β
S
ω,ω′ are the
spherically symmetric Bogoliubov coefficients given at large ingoing frequency ω′ by [1,71]
αSω,ω′ ≈
1
2pi
√
ω′
ω
Γ(1− iω
κ
)(−iω′)−1+ iωκ , (83a)
βSω,ω′ ≈ −iαSω,−ω′ . (83b)
The angular mixing factor is given by6
φωlm,ω′l′m′ =
∫
dΩeiω
′v0(θ,φ)Ylm(θ, φ)Y
∗
l′m′(θ, φ)e
−iωu0(θ,φ), (84)
where dΩ = 1
4pi
sin θ dθ dφ is the unit measure on the sphere. The angular mixing factor
can be formally deduced from the spherically symmetric case by performing the advanced su-
pertranslation shift v → v − v0(θ, φ) + vsymm0 and the retarded supertranslation shift u →
u − u0(θ, φ) + usymm0 where vsymm0 , usymm0 are the constants arising from the spherically sym-
metric collapse. The mixing factor (84) is analoguous to (10) derived for Unruh radiation in
the presence of an outgoing supertranslating shock wave. We would have obtained the two
exponential factors in the Unruh case (10) upon considering both an ingoing and an outgoing
supertranslating shockwave. For both the spherically symmetric and nonspherically symmetric
cases, the resulting Bogoliubov coefficients obey∑
l′m′
|αωlm,ω′l′m′ |2 = e 2piωκ
∑
l′m′
|βωlm,ω′l′m′|2. (85)
Consistency of the Bogoliubov coefficients combined with (85) finally leads to the black body
spectrum
Nωlm =
∫ ∞
0
dω′
∑
l′,m′
|βωlm,ω′l′m′|2 ∝ 1
e
2piω
κ − 1 . (86)
The angular mixing factor φωlm,ω′l′m′ due to the non-sphericity of the collapse does not affect the
spectrum. This is analogue to our result (59) for the Unruh radiation with a supertranslating
shockwave. The result can be straightforwardly generalized to any dimension.
Let us comment upon the relationship between the limiting advanced time v0(θ, φ) and displace-
ment memory defined at null infinity. The quantity v0(θ, φ) is determined from the details of the
non-sphericity of the collapse during the collapsing phase, and it is defined as a leading order
effect in (81). It depends upon the global properties of null rays between past and future null in-
finity that, in turn, depend upon the stress-tensor of matter in the bulk of spacetime. In the case
6Note that the derivation of Hawking [1] from (2.18) to (2.19) contains a misprint. There should be no factor
of eiωv0 in (2.19). See (2.19)-(2.21) of Ford [70] for a derivation but note that ωv0 in (2.21) should be ω
′v0.
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of collapse caused by a shockwave sourced by a stress-tensor energy Tvv = r
−2ρ(θ, φ) + o(r−2)
that is determined at leading order by a given energy distribution ρ(θ, φ) at past null infinity,
one can relate the limiting advanced time v0(θ, φ) to the displacement memory at null infinity
sourced by the energy distribution ρ(θ, φ) thanks to Einstein’s constraint equations [12,25,27].
Such displacement memory leads to a shift of the canonical variable defined at I+ that encodes
the displacement memory and that is also shifted by BMS supertranslations. We conclude that
the limiting advanced time v0(θ, φ) is a functional of the leading order matter fields and directly
relates to displacement memory at null infinity, consistently with the analysis of [29, 56]. In
that regard, the existence of a generalization of the limiting advanced time v0 in any dimen-
sion is consistent with the existence of the triangular relationship between supertranslations,
displacement memory and soft theorems in any dimension at null infinity [72–74]. We expect
that the subleading components of the stress-tensor will encode the details of the subleading
corrections in (81).
We noticed in Section 4.4 that the generalization of the Unruh effect to excited states leads
to a dependence of the Rindler occupation number on the shock wave form factor. We might
therefore ask whether or not the Hawking spectrum is modified if one considers an ingoing
excited state instead of the ingoing vacuum |0〉in. Indeed, the initial state contains the very
matter that collapses and the initial state is therefore not a vacuum state. This question was
analyzed in [75]. Starting with an excited state leads to classical scattering but also to stim-
ulated emission in addition to spontaneous Hawking emission. All modes that spontaneously
emit can also be stimulated in principle. However, introducing stimulated radiation at late
retarded time u requires an initial energy of the order of eκu as a direct consequence of the
relationship (81) and the uncertainty principle at I−. In more detail, one requires to fine-tune
the initial ingoing state to lie in a close range of advanced time v0 −  < v < v0 with  ∼ e−κu
in order to reach the late time u. Such modes will spend large proper times around the horizon
until finally leaving the horizon region and reaching I+. At I− the uncertainty relation is
∆E e−κu ≥ 1 or ∆E ≥ eκu. Since initial energy is capped for physical states, there cannot be
a stimulated emission at late times. The angular dependence of the limiting advanced time (or
in other words the supertranslation shift) is therefore irrelevant for late time spontaneous and
stimulated emission.
Yet, scattering will in general depend upon the supertranslation shift for a nonspherical collapse.
Let us take as ingoing state an eigenstate with definite mode numbers ω′, l′,m′. The expectation
number Noutωlm at I+ is
in〈ω′l′m′|Noutωlm|ω′l′m′〉in = in〈0|ainω′l′m′aout†ωlmaoutωlmain†ω′l′m′|0〉in
=
∣∣∣αωlm,ω′l′m′∣∣∣2 + ∣∣∣βωlm,ω′l′m′∣∣∣2 + 〈ω′l′m′|ω′l′m′〉Nvacωlm, (87)
where Nvacωlm is the spontaneous Hawking emission (86). Similarly, for an ingoing state in a
superposition
|γ〉in =
∑
ω′l′m′
γω′l′m′|ω′l′m′〉in,
∑
ω′l′m′
∣∣∣γω′l′m′∣∣∣2 = 1, (88)
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the expectation number at I+ is
in〈γ|Noutωlm|γ〉in =
∣∣∣ ∑
ω′l′m′
αωlm,ω′l′m′γ
∗
ω′l′m′
∣∣∣2 + ∣∣∣ ∑
ω′l′m′
βωlm,ω′l′m′γ
∗
ω′l′m′
∣∣∣2 + Nvacωlm. (89)
Since the Bogoliubov coefficients αωlm,ω′l′m′ and βωlm,ω′l′m′ given in (82a)-(82b) deviate from
the spherically symmetric result, we conclude that the expectation number will depend upon
the limiting advanced time v0(θ, φ) and retarded time shift u0(θ, φ).
Another relevant quantity in the scattering theory around black hole is the conditional proba-
bility P (k|j) that k scalar particles in a given mode ω, l,m emerge given j incoming particles
with modes ω′, l′,m′. This probability was obtained by Bekenstein and Meisel [76] and derived
from first principles by Panangaden and Wald [77] with the result
P (k|j) = (1− x)x
k(1− |R|2)j+k
(1− |R|2x)j+k+1
min(j,k)∑
m=0
(j + k −m)!
(j −m)!(k −m)!m!
[
(|R|2 − x)(1− |R|2x)
(1− |R|2)2x
]m
. (90)
where x = e−pi
ω−mΩH
κ , and R is the reflection coefficient for the mode ω, l,m. One can replace
|R|2 = 1 − |T |2 in terms of the transmission coefficient T . Here, we note that given the
multiplicative factor between the classical transmission coefficient and the supertranslation
shift factor φωlm,ω′l′m′ (84) appearing in the Bogoliubov coefficients (82a), we expect that the
total transmission coefficient T is the product of the classical transmission coefficient times the
angular mixing factor.
6 Conclusion
We described two quantization schemes for free scalar fields in the background of a planar shock
wave. The shock wave induces a supertranslation of planar waves along the null wavefront that
is entirely determined by the shock wave matter stress-tensor. We considered Rindler (i.e.
uniformly accelerated) observers that either cross or do not cross the shock wave. In either
case and for either choice of vacuum, we obtained that the spectrum observed by the uniformly
accelerated observer is the standard Unruh spectrum that is independent of the form factor
characterizing the shock wave. However, we noted that excited states with respect to one
global vacuum lead to Rindler occupation numbers that explicitly depend on the shock wave
form factor.
We drew a parallel between the Unruh effect in the presence of supertranslating shockwaves
and the Hawking effect for nonspherical collapse. We proposed that the analogue of the matter-
induced supertranslation occuring in the Unruh effect with shockwaves is the limiting advanced
time shift (and the second retarded time shift) characterizing the properties of nonspherical
black hole collapse. Following Hawking’s derivation and Wald’s subsequent treatment, we
reviewed that the late spontaneous and stimulated black hole emission do not depend on the
limiting advanced time and retarded time shift. However, we pointed out that the limiting
advanced time and retarded time shift influences the properties of scattering (with initial excited
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states) because of its presence in the Bogoliubov coefficients. These properties are in complete
analogy with the ones of Rindler observers in the presence of shock waves.
Our results bring further evidence that Hawking radiation is not modified by soft hair im-
planted by supertranslating shock waves, at least not using the mechanisms analyzed here. It
complements the results of [56] obtained from the perspective of dressing states with infrared
soft hair. While these results are consistent with the soft hair conjecture [47], they do not
provide a mechanism for correlating in a bijection soft and hard sectors. Even though the in-
frared sector can be constrained by leading and subleading conservation laws, the details of the
collapse (including the relationship between the ingoing and outgoing modes at null infinity)
depend upon the details of the higher subleading structure of the fields. We therefore expect
that a bijection between soft and hard sectors could only be achievable by including higher
subleading constraints between hard and soft sectors than previous derived.
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A Orthogonality relations
Here we prove the orthogonality conditions (18b)-(18c), where we set u0 = 0 for simplicity.
The following relations will be very useful in order to evaluate the z-integrals appearing in the
Klein-Gordon norm7 ∫ ∞
−∞
dz eiaz+ibΘ(−z) = pi(1 + eib)δ(a)− i
a
(eib − 1), (91a)∫ ∞
−∞
dz δ(−z)eiaz+ibΘ(−z) = e
ib − 1
ib
. (91b)
7Multiplications of distributions are well defined in the sense of Colombeau [78].
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For a Cauchy slice along nµ = ∂µt at t = 0 the Klein-Gordon norm of the initial eigenstates
f I
k−,~k
is given by
(f ∗I
k−,~k
, f I
l−,~l
)KG = NkNl
∫
dz
∫
dx
∫
dk′
∫
dl′ei(
~k′+~l′)~x+i(k′z+l′z)z (l′t − k′t + (l− − k−)f(~x)δ(−z))
× Ak−,~k(~k′,Θ(−z))Al−,~l (~l′,Θ(−z)), (92)
where k′z ≡ −k− + ~k
′2
4k−
, l′z ≡ −l− + ~l
′2
4l−
, k′t ≡ k− + ~k
′2
4k−
, l′t ≡ l− + ~l
′2
4l−
. We split the computation
in two terms:
(f ∗I
k−,~k
, f I
l−,~l
)KG = T1 + T2, (93a)
T1 = NkNl
∫
dz
∫
dx
∫
dk′
∫
dl′ei(
~k′+~l′)~x+i(k′z+l′z)z(l′t − k′t)
× Ak−,~k(~k′,Θ(−z))Al−,~l (~l′,Θ(−z)), (93b)
T2 = NkNl
∫
dz
∫
dx
∫
dk′
∫
dl′ei(
~k′+~l′)~x+i(k′z+l′z)z(l− − k−)f(~x)δ(−z)
× Ak−,~k(~k′,Θ(−z))Al−,~l (~l′,Θ(−z)). (93c)
For T1 we can perform the
∫
dx integral first yielding a delta distribution (2pi)D−2δ(~k′+~l′) and
after evaluating the
∫
dl′ integral we can set ~l′ = −~k. We then express Ak−,k and Al−,l using
their definition (10), and perform the integral
∫
dz. Using (91a) one obtains again two terms
T1 = T
′
1 + T
′′
1 , (94)
with
T ′1 =
NkNl
(2pi)D−2
∫
dx′
∫
dx′′
∫
dk′ei(
~k−~k′)~x′+i(~l+~k′)~x′′(l′t − k′t)pi
(
1 + eib
)
δ(a), (95a)
T ′′1 = −
NkNl
(2pi)D−2
∫
dx′
∫
dx′′
∫
dk′ei(
~k−~k′)~x′+i(~l+~k′)~x′′(l′t − k′t)
i
a
(
eib − 1) , (95b)
where a = k′z + l
′
z and b = k−f(~x
′) + l−f(~x′′). Evaluating
∫
dk′ in T ′1 one finds that this term
is generically zero since k′z + l
′
z = 0 (after setting
~l′ = −~k) implies that (l′t− k′t) = 0. T ′′1 can be
further simplified by noticing that (again, after setting ~l′ = −~k)
l′t − k′t
k′z + l′z
= − l− − k−
l− + k−
, (96)
and in addition performing
∫
dk′
∫
dx′′. This yields
T1 = i
(
l− − k−
l− + k−
)
NkNl
∫
dx′ei(
~k+~l)~x′
(
eif(~x
′)(l−+k−) − 1
)
. (97)
In order to evaluate T2 we first evaluate
∫
dz using (91b) to obtain
T2 = −i(l− − k−) NkNl
(2pi)2(D−2)
∫
dk′
∫
dl′
∫
dx
∫
dx′
∫
dx′′ei(
~k−~k′)~x′+i(~l−~l′)~x′′+i(~k′+~l′)~xf(~x)
× e
ib − 1
b
. (98)
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One can then perform
∫
dk′
∫
dl′ yielding (2pi)2(D−2)δ(~x − ~x′)δ(~x − ~x′′) and after evaluating∫
dx′
∫
dx′′ this expression simplifies to
T2 = −i
(
l− − k−
l− + k−
)
NkNl
∫
dx ei(
~k+~l)~x
(
eif(~x)(l−+k−) − 1) , (99)
which immediately shows that T1 + T2 = 0 and thus also confirming (f
∗I
k−,~k
, f I
l−,~l
)KG = 0.
The next step is to compute (fL
k−,~k
, f I
l−,~l
)KG. Similar to the calculation done before one finds
(fL
k−,~k
, f I
l−,~l
)KG = NkNl
∫
dz
∫
dx
∫
dk′
∫
dl′ei(
~l′−~k′)~x+i(l′z−k′z)z (l′t + k
′
t + (l− + k−)f(~x)δ(−z))
× A∗
k−,~k
(~k′,Θ(−z))Al−,~l (~l′,Θ(−z)). (100)
This expression can again be split into two terms
(fL
k−,~k
, f I
l−,~l
)KG = T1 + T2, (101a)
T1 = NkNl
∫
dz
∫
dx
∫
dk′
∫
dl′ei(
~l′−~k′)~x+i(l′z−k′z)z(l′t + k
′
t)
× A∗
k−,~k
(~k′,Θ(−z))Al−,~l (~l′,Θ(−z)), (101b)
T2 = NkNl
∫
dz
∫
dx
∫
dk′
∫
dl′ei(
~l′−~k′)~x+i(l′z−k′z)z(l− + k−)f(~x)δ(−z)
× A∗
k−,~k
(~k′,Θ(−z))Al−,~l (~l′,Θ(−z)). (101c)
For T1 we can perform
∫
dx
∫
dl′ which sets ~l′ = ~k. We then express Ak−,k and Al−,l using their
definition (10), and perform
∫
dz. With the help of (91a) one obtains again two terms
T1 = T
′
1 + T
′′
1 , (102)
with
T ′1 =
NkNl
(2pi)D−2
∫
dx′
∫
dx′′
∫
dk′ei(
~k−~k′)~x′+i(~l−~k′)~x′′(l′t + k
′
t)pi
(
1 + eib˜
)
δ(a˜), (103a)
T ′′1 = −
NkNl
(2pi)D−2
∫
dx′
∫
dx′′
∫
dk′ei(
~k−~k′)~x′+i(~l−~k′)~x′′(l′t + k
′
t)
i
a˜
(
eib˜ − 1
)
, (103b)
where a˜ = l′z − k′z and b˜ = l−f(~x′′) − k−f(~x′). In contrast to the case before T ′1 is not always
zero. This can be seen by looking at a˜ = (k− − l−)(1 + ~k′24k−l− ). For ~k′2 ∈ R this expression is
never zero. Only for k− = l− this expression vanishes. Thus we can rewrite δ(a˜) as
δ(l−−k−)
1+
~k′2
4k−l−
.
This gives
T ′1 =
NkNl
(2pi)D−2
∫
dx′
∫
dx′′
∫
dk′ei(
~k−~k′)~x′+i(~l−~k′)~x′′(l− + k−)pi
(
1 + eib˜
)
δ(l− − k−). (104)
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Since this expression is only non-zero for l− = k− it can be further simplified to
T ′1 = k−
N2k
(2pi)D−3
∫
dx′
∫
dx′′
∫
dk′ei(
~k−~k′)~x′+i(~l−~k′)~x′′
(
1 + eik−(f(~x
′′)−f(~x′))
)
δ(l− − k−). (105)
Evaluating first
∫
dk′ yields (2pi)D−2δ(~x′ − ~x′′) and then ∫ dx′′ this integral simplifies to
T ′1 = 2k−N
2
k (2pi)
D−1
∫
dx′ei(
~l−~k′)~x′δ(l− − k−). (106)
After evaluating the last integral and using that
Nk =
1√
(2pi)D−12kt
, (107)
one obtains for T ′1
T ′1 = δ(~l − ~k)δ(lz − kz). (108)
Here we used the relations
kt = k− + k+,
kz = k+ − k−, (109)
δ(lz − kz)δ(~l − ~k) = k−
k+ + k−
δ(l− − k−)δ(~l − ~k).
T ′′1 can again be determined by first evaluating
∫
dk′
∫
dx′′. This yields
T ′′1 = i
(
l− + k−
l− − k−
)
NkNl
∫
dx′ei(
~l−~k)~x′
(
eif(~x
′)(l−−k−) − 1
)
. (110)
In order to compute T2 we first evaluate
∫
dz using (91b) to obtain
T2 = −i(l− + k−) NkNl
(2pi)2(D−2)
∫
dk′
∫
dl′
∫
dx
∫
dx′
∫
dx′′ei(
~k−~k′)~x′+i(~l−~l′)~x′′+i(~l′−~k′)~xf(~x)
× e
ib˜ − 1
b˜
. (111)
One can then perform
∫
dk′
∫
dl′ yielding (2pi)2(D−2)δ(~x − ~x′)δ(~x − ~x′′) and after evaluating∫
dx′
∫
dx′′ this expression simplifies to
T2 = −i
(
l− + k−
l− − k−
)
NkNl
∫
dx ei(
~l−~k)~x (eif(~x)(l−−k−) − 1) . (112)
Putting together T1 + T2 one finds that
(f I
k−,~k
, f I
l−,~l
)KG = δ(~l − ~k)δ(lz − kz). (113)
The result for (f ∗I
k−,~k
, f ∗I
l−,~l
)KG can be straightforwardly obtained in a similar manner to yield
(f ∗I
k−,~k
, f ∗I
l−,~l
)KG = −(f Ik−,~k, f
I
l−,~l
)KG = −δ(~l − ~k)δ(lz − kz). (114)
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